Nonstrictly Hyperbolic Conservation Laws  by Kan, Pui Tak
Appl. Math. Lett. Vol. 4, No. 4, pp. 83-87, 1991 
Printed in Great Britain. All rights reserved 
089%9659191 $3.00 + 0.00 
Copyright@ 1991 Pergamon Press plc 
Nonstrictly Hyperbolic Conservation Laws 
PUI TAK KAN 
Dept. of Mathematics and Center for Mathematical Sciences 
University of Wisconsin at Madison 
(Received March I 991) 
Abstract. Global existence of a 2 x 2 system of nonstrictly hyperbolic conservation laws is 
established for data in Lo9 This system is a particular case in a canonical class of conservation 
laws with an isolated umbilic point (a point in the state space where strict hyperbolicity fails). 
The proof uses compensated compactness to obtain the convergence of the viscosity method 
and involves a detailed analysis of the entropy functions which can become sing&r near the 
umbilic point. 
1. INTRODUCTION 
Recently, there has been considerable interest in the study of nonstrictly hyperbolic con- 
servation laws. This interest is partly motivated by physical examples in gas dynamics, 
elasticity, magnetohydrodynamics, and oil reservoir simulations, etc. (e.g. [l-4]). In this 
paper, we restrict our attention to 2 x 2 systems in one space dimension. The simplest 
2 x 2 nonstrictly hyperbolic conservation laws are those whose eigenvalues remain real but 
coincide on certain regions in the state space. For such systems where strict hyperbolicity 
fails only at isolated points (umbilic points), a local classification theorem near each um- 
bilic point was obtained by Schaeffer and Shearer [2]. This theorem states that near any 
given umbilic point (assumed to be the origin by a translation), the system is qualitatively 
equivalent to a member of a 2-parameter family of quadratic system of the following form: 
Here, a, and b are real parameters and a # 1 + b 2. The qualitative equivalence is in a 
weak sense of one-to-one continuous correspondence of wave curves and Riemann problem 
solutions. Furthermore, it was found that the (a, b) parameter plane for (1.1) is divided into 
four regions in each of which any two members of the family are equivalent in the above 
sense. These regions are labelled I, II, III, IV; and are separated successively by the 
curves a = $b2, a = 1 + b2, and -32b4 + b2(27 + 36(a - 2) - 4(a - 2)‘) + 4(a - 2)3 = 0. 
In a series of papers, the Riemann problem for the canonical system (1.1) was studied by 
various authors [5-71. The Riemann solution was found to exhibit complexities not seen in 
the strictly hyperbolic case. New features includes nonuniqueness and nonexistence if only 
Lax shocks are used, the necessity to use shocks with nonstandard number of impringing and 
diverging characteristics, bifurcation phenomena, viscosity dependent shock admissibility, 
etc. 
The results in this paper are part of the author’s doctoral dissertation written at the New York University. 
The author would like to express his sincere gratitude to his advisor, Professor James Glimm, for his ddance, 
support and encouragement. 
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The purpose of this paper is to anounce some analytical results concerning a subclass of 
(l.l), the symmetric case (where b = 0) in region III and IV. This corresponds respectively 
to the parameter range 1 < a < 2, b = 0 and 2 < a, b = 0. In particular, we obtained a 
global existence theorem for a special case of (1.1) (a = 3, b = 0) for general Cauchy data 
in Loo. The existence theorem is established by proving the convergence of the viscosity 
method using compensated compactness. What distinguishes this from usual applications 
of compensated compactness is the possible singularities of entropy functions caused by the 
nonstrict hyperbolicity and the resulting difficulty to reduce the Young measure near the 
umbilic point. These difficulties are overcome by a detailed analysis of the entropy functions. 
2. STATEMENT OF MAIN RESULTS 
The equation under consideration is (1.1) with b = 0: 
ut+ (;au2+;v’)s=0, 
vt + @& = 0 
(U> v)It=o = (uo, vo). 
(24 
where (uc, vc) is the initial data assumed to be in Lm and which decays to a constant state 
at infinity. 
We also consider the viscous system corresponding to (2.1). 
u: + 
1 ( > - arP2 2 = E?& , iz 
v; + (Uf?& = al;,, 
(UC, v’)l*=o = (uo, vo), E > 0. 
(2.2) 
The Jacobian matrix of the flux in (2.1) is 
[ I 
“,” E . Denote its eigenvalues and eigenvectors 
as Xi and E, i = 1,2. Ai and A2 can be interpreted as the wave speeds for the respective 
wave modes. They have the following expressions 
x1 2 = (a + 1)~ f d(l - a)2u2 + 4v2 
r) 
The system (2.1) is hyperbolic since Ai and X2 are real. However, (2.1) is not strictly 
hyperbolic; the wave speeds for the different wave modes coincide at and only at the origin. 
We have X1 = X2 _ (u, v) = (0, 0). Such isolated points where the eigenvalues coincide 
are called umbilic points. Riemann invariants wi, i = 1,2, for (2.1) are defined as functions 
satisfying rj * VWi = 0, i # j, i, j = 1,2. 
We construct Riemann invariants for (2.1) in regions III and IV. For a > 2, we show that 
the Riemann invariants are quasiconvex and can be used to demonstrate that the solution 
of (2.2) is bounded in Loo independent of c > 0. 
PROPOSITION 1:
(i) Suppose that a > 1, then Riemann invariants wi, w2 for (2.1) can be constructed so 
that 201 2 0 5 wz. Moreover, we bave 
$#Oforanywl<O<w2,i=1,2. 
i 
(ii) Suppose that a > 2, then WI and -2~2 are quasiconvex for (u, v) # (0, 0), i.e. 
v2wdr21 I21 1 cl 
v2w2h, fi) L 0. 
Here, for any function f, v2 f denotes the Hessian off in u, v variables. 
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In the above proposition, WI and w2 constructed are even functions in v. Therefore, the 
map (u,v) + (WI, ~2) is invertible only when restricted to either the upper or the lower 
(u, v) plane. When we indicate ,!i in (i) above and 4, 1c, below as functions in ~1, ~2, we 
mean that such a change of variables has been performed with (u, v) restricted to one of such 
half planes., This causes no ambiguities, since these functions are all even in v by definition 
or construction, 
We remark that (i) in the above proposition holds although (2.1) is not genuinely nonlinear 
in the state variables U, v. (i) will be useful in the proof of the convergence of the viscosity 
method. 
A consequence of (ii) is that the Riemann invariants can be used to construct a family of 
invariant regions for (2.2) via the invariant region theorem of Chueh, Conley, and Smoller [S]. 
This in turn shows that the solution of (2.2) is bounded in Loo independent of E > 0. We 
also show that if vg 2 0 then solutions of (2.2) stays in the upper half plane. 
PROPOSITION 2: 
(i) For any constant c > 0, the region C, = {( 2u1, ur2)l - c 5 WI 5 0 5 w2 2 c} is an 
invariant region for (2.2). Moreprecisely, if(ug, vg) E C, then (u’(z,t),v’(t,t)) E C, 
for all t 1 0. 
(ii) HUO, vo E C2 fl L”” and &UO, ~,VO E L” then 
210(z) 2 0 =+ v’(z, t> 10, vt 2 0. 
Our goal is to prove the convergence of ( uE, v’), as E -+ O+, to a weak solution of (2.1). The 
apriori L”” bound allows one to extract a subsequence of ( uE, v’) that converges in w * -Loo. 
It is expected that this convergence is in fact strong and therefore enables the limit to be 
passed under the nonlinear flux functions. The method of compensated compactness will be 
used and the proof involves a detailed analysis of the entropy functions of (2.1) which we 
were able to carry out in the case a = 3. Our main convergence and existence result can be 
summarized as follows. 
THEOREM: Consider (2.1) when a = 3. Assume that the initial data (UO,VO) satisfies the 
assumptions that vo > 0, UO,VO E C2 fl Loo and &uo,&v~ E Loo, and there is a constant 
state (ti, 6) such that (~0 - ii, v,-, - 6) E L2. Then the solution of (2.2), (u’,v’), converges 
as E + 0+, to a weak solution of (2.1) (a = 3) for all time t > 0. 
The theorem shows the convergence of the viscosity method and at the same time we 
obtain global existence of weak solution for (2.1). We sketch below the main ideas of the 
proof. The main technical lemma used in the proof axe stated as propositions 3 and 4 below. 
Associated with the weak convergence of (u”, vc) is a probability measure, the Young 
def 
measure qI, t), with the property that for any continuous function g, (~(~,t), g) = 
j’g(A)dv(,,,)(A) = w t -limg(u’(z, t), v’(c, t)). (See [9,10].) Thus v(E,t) completely 
describes the weak convergence. The relevant issue here is whether the Young measure v is 
a Dirac mass which would imply that the weak convergence is in fact strong. This in turns 
allows the limit to be passed under the nonlinear flux and gives a weak solution for (2.1) 
(see [g-11]). 
From the div-curl lemma in the theory of compensated compactness ([9]), given two pairs 
of functions (41, +I), ($2, $5) satisfying the compactness conditions 
&$i(u’, V’) + &$4(u’j 2)‘) E compact set of H,E, i = 1,2; (2.3) 
the measure v commutes with the bilinear form 95142 - &$I. More specifically, we have the 
following commutation relation 
(V> 411cl2 - 42lcIl) = (4 41) (4 Ic2) - (4 42) (4 $1). 
(TO simplify notations, we have omitted the subscript (2, t) in V(,,t).) 
(2.4 
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Equation (2.4) represents an imbalance in regularity with the left hand side being more 
regular due to cancellations. The idea is that if sufficient numbers of pairs 4, $ with ap- 
propiate structures can be found to satisfy (2.3) and hence (2.4), then this should imply 
that v is in fact concentrated at a point, i.e., a Dirac mass. 
In the context of 2x2 systems of hyperbolic conservation laws [lO-121, the pair (4, +) 
are most conveniently chosen as the entropy-entropy flux associated with (2.1). The pair 
(4, $) is an entropy-entropy flux pair if, for any smooth solution (~(2, t), ~(2, t)) of (2.1), 
we have the additional conservation law &$(u, v)+&$(u, V) = 0. It turns out that entropy 
functions have to satisfy the equation 
(2.5) 
Due to the loss of strict hyperbolicity, the coefficients of equation (2.5) become singular 
at the umbilic point. Thus, entropy functions and their derivatives cannot be expected 
to be regular in general. This presents difficulties in applying compensated compactness, 
which requires the entropies to satisfy the compactness condition (2.4). In the context of 
the Goursat problem for the entropy equation, the possible singularities can be completely 
characterized in the case a = 3. This is accomplished by representing entropies in an integral 
form and analysing the kernel in such representation. Basing on this information, a careful 
study in the case a = 3 shows that, for Goursat data satisfying certain vanishing moment 
conditions, these singularities can be cancelled out and the resulting entropies have enough 
regularity for use in the compensated compactness theory. The next proposition summarizes 
the result of this analysis of the entropy functions and is central to the proof of the existence 
theorem. 
PROPOSITION 3: Suppose that wf < -6 < 0 are given constants and 01 is a prescribed C2 
function. Consider the following special Goursat problem for the entropy equation (2.5) in 
the case a = 3. 
4 
1 
WlW2 
+x 
z 
( 
$2 - &1) = 0, 
9qO,Wl) = h(Wl), cqw;, 0) = 0. 
Assume further that the data 81 satisfies the vanishing moment conditions 
&(Wl) = 0 for - 6 5 Wl 5 0, 
J 
-6 
6,(s)(-s)+ds = 0 = 
w: J 
-6 
fl,(s)(-s)+ds. 
w: 
Then 4 and its corresponding flux $ satisfy the compactness condition (2.4). 
The entropy function constructed in Proposition 3 is called entropy of type east with 
limit wi since it is supported on the half plane to the left of the vertical line ‘1~1 = WT. 
Similar constructions can be made to obtain entropies supported on right, upper, or lower 
half planes and which satisfy the compactness condition (2.4). 
These entropies can now be used in the commutation relation (2.5) to show that the 
Young measure v is a Dirac mass. The strategy will be a proof by reduction. First, assume 
that v is not a Dirac mass so that the support of v is enclosed in a minimal rectangle of 
the form [WY, w;‘] x [wg , ~$1. Here we may assume that w; < wf 5 0 5 w; < wf . (The 
other cases when the rectangle collapses into a line segment can be treated with a similar 
and simpler analysis.) We then show, using a careful combination of commutation relations 
(2.5) applied to entropies constructed above, that the support of v is concentrated on the 
boundary of the minimal rectangle. It citn then be shown that a contradiction will arise 
unless v is in fact supported on one of the corners of the rectangle only, i.e., v is a Dirac 
mass. 
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To accomplish the reduction of Y as described above, we use the general strategy in [12]. 
However, the failure of strict hyperbolicity makes the usual reduction method inapplicable 
near the umbilic point. Instead, we modify such methods, making use of some integral 
representations and properties for the entropies constructed in Proposition 3. We will omit 
the details involved in this modification but state one of the key lemmas. 
LEMMA 4: Let w;, and 6 be defined as in Proposition 3. Suppose that for all east type 
entropies q5 constructed in Propostion 3, we have 
I 4 du = 0. 
Then 
suppVc{(w~,w~)~w~=w~or -S<w1<0}. 
Details of the proofs of results stated here will be published elsewhere. 
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